IDEAL MHD STABILITY THEORY...

... and tokamak operational limits
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Content of this lecture

e Reduced ideal MHD model

e Current driven instabilities — current limit

e Pressure driven instabilities — beta limit




How does the current limit appear in an MHD model?

Plasma Current Limit
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Additionally: ideal MHD beta limit
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Constructing the reduced ideal MHD model |

e ideal MHD equations:

charge balance: V-j=0 Ohm'slaw: E+uxB=(nj)
Ampere’s law:  V xB=yugpj press.bal.: d;p+V-(pu)+ %pV u=20

e reduced MHD approximation: “strong” external magnetic field B

— perpendicular motion is described by drifts

B B x Vo B x Vpeji m;B  dug

U, ;, = X , j) =en(u; —u
“hL B? " neB? " B2 dar It (i, —ue,)

ExB drift ug diamagnetic drift polarization drift

— electromagnetic fields are described by potentials

B
E— (at\p—v”¢)——vL¢, B=B)+-2xVy
0 by




Constructing the reduced ideal MHD model Il

e charge balance: V-j=V-. <

— with V-

BxVp B - -
2 %2<ﬁXK>-Vp where k= (b-V)b

magn. curvature

dug; d d_,
—and V- (BxSE) x_v.S2v on -V
an ( . dt) a0~ T vL®

, nmid 9) i B
— gives EEVL(I)—V]—Fz(EXK) -Vp

e modelling of current driven instab.: curvature+ polarization current not needed

= [V)j =0 | but for pressure driven instabilites — see later |
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Modelling current driven instabilities

By

B
e magnetic field: B=By+ B_ X Veq+— 7 X Vy (equilibrium + perturbation)
0

e Ampere’s law:
- : By
— equilibrium: upjeqg =V x | Bg+ B X Veq
0
- B B
— perturbation: '”()jH ~ =Y. [V X (BO X V\p)] ~ Vi\p

by 0
e charge balance: V||jH =0

B B .
0 By




Basic view of a kink instability

[ on blackboard |

e straight wire carrying a current Iy = [pe;

B e is placed in a uniform magnetic field parallel to
£ the direction of the wire, B = Be,

e is deformed helically:

e current I flowing in the twisted wire: ...
(Garbet, cours Master SFP, AMU] e Lorentz force I x B acting on twisted wire: ...

e equation of motion — growth rate ...




Kink instability in cylindrical geometry

d
e equilibrium: By = Bge;, €; X Veq(r) = ‘(li’reqey
1 Rp d
e safety factor: _ o 9Weq
q(r) rBgy dr

e charge balance:

r .

e perturbation: Y = J(r)exp (ime — mRi)
0

— resonant at r = rg with g(rg) = %

— marginally stable!

¥

[Lackner in Fusien Physics]

— |Does such a solution exist?




Kink instability in cylindrical geometry

r .

dje
mYJeq
20 (Y w2y g™ ~0
— (n ) v .UOr 1 |\

1d [ d m2+ uy Ry eqp| _
2 n_1yBy dr
m g

exact solutionform=1,n=1:

\Tf(r){ r(l—ﬁ) O<r<ry

-- 0 re <r<a
[Lackner in Fusien Physics] s SIS




Kink instability in cylindrical geometry

e exact solution form =1, n =1 unstable if g(0) < 1
(internal kink)

e for m,n £ 1, for a step current profile

: (I’)— —j6r0 0<r<n
Jeq|\") = 0 rg<r<a

continuous solutions can be constructed

( S\
WO(%) 0<r<n

ro<<r<rs

[Lackner in Fusfen Physics] 0 re<r<a
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Kink instability in cylindrical geometry

discontinuity of current profile

djeq|
dr

implies jump in slope of \ ; solution exists if

= jorod(r—ro) (jp<0)

2m 1 Mo Ro,
rOl—(r_O)zm %‘ﬂBOJO

m
Ig

l.e. for a negative current gradient located inside the
resonant surface (rg < rg) (internal Kink).

Lackner in Fusien Physics]
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Kink instability in cylindrical geometry

e similar analysis is possible for external kinks (wall
pushed to o)

e m =1, n =1 external kink is unstable if g(a) < 1
(Kruskal Shafranov limit)

e m,n # 1 external kink modes imply even stronger
limits — see e.g. diagram by Wesson

[Lackner in Fusien Physics]
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Internal + external kink limit current to g, =2 —3
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Operational space

Plasma Current Limit
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Pressure driven modes: back to MHD model

e ideal MHD equations:

charge balance: V-j=10 Ohm'slaw: E+uxB=(nj)
Ampere’s law:  V xB=yugpj press.bal.: d;p+V-(pu)+ %pV u=20

e reduced MHD approximation:

nm, 9) ) B
— charge balance: B—zl (0 +ug-V)Vio=Vj+2 (l? < K) .Vp

— Ohm'’s law: oY = V”(]H— ( ﬂvzw)
MO

10 B
— Pressure balance: | (d; +ug-V)p = = Po (1? X K) Vo
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Basic view of an interchange instability

simple “slab” geometry: By = Bpe,, K = Kéy

eqUilibrium: (l)eq = O, \lfeq = 0, peq — p6 (X— Cl)

perturbation: ¢.,, p ~ exp (ikxx+ 1kyy + ik”z + YI)

linear disperson relation: [ blackboard ]

instability If stabilization by field line bending (

k2 2unp)

2.2 2. oy . / HOP
1 0

v%kﬁ) is small:

KB’ > kﬁ

more generally:

K-VB>kﬁ
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Interchange mode in toroidal geometry

equilibrium pressure gradient: V3 ~ —e,

main contribution to magnetic curvature
comes from toroidal field: ¥ = —zep

interchange modes ~ ¢ “feel” average

curvature: (K-ey)gq = (;—’”)2 (1 — qz)
qRo
- - 1 [(m - 1 1 !
estimation for kH: ik”(l) = V”(]) 7 R_O (5 —n) 0, 5 s (o) — ZZ (r—ry)
S g

- m S -~ s _ rdqg
— ko~ —(r—ry)—0 — |kj~——| with s=—

4 r's 4 rS)Roqq) I Ryg qdr
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Interchange modes are stable if q > 1

2
stable if (K-er>9(P[3’ < kﬁ — |5 (1—¢g?)p < %ﬁ (Mercier criterion)
0

4*R;
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Ballooning modes can be unstable even if ¢ > 1

A axis of symmetry

Vp Vp

in poloidal plane (r,0),
magn. curvature depends on 0

electrostatic potential ¢
of a n = 18 ballooning mode
(radial dim. stretched x 4)

19




Stability limit of ballooning mode

expressed as function of

e magnetic shear

rdg
§=——
qdr

e normalized pressure gradient

dp

e first stability region

o < 0.6s

1.5

0.5

First stabifity
region

Ballooning-unstable

(W=
_
bl d_;_df"'#
Second stabylity region
'E'ffr 1 1.5 2

I
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Ideal MHD beta limit

(B} (36)
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e for ballooning modes, o < 0.6s

leads to:

Bl%la[m]B[T|

By =

I[MA]

< 3.5

e rather complete stability analysis

including kink modes —

(Troyon limit)

By < 2.8
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Operational domain for tokamaks
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Lecture on IDEAL MHD STABILITY
Additional notes

P. Beyer / Aix Marseille University

Basic view of a kink instability

(refering to p. 7 of the lecture)

The current flowing in the twisted wire is

dx
ax 1
dz  _ 0 [—&ksin(kz)e, + Ekcos(kz)e, +e,] .

I1=1
NIV e

The Lorentz force acting on the twisted wire is

IxB= _ DB £k cos(kz)e, + Eksin(kz)e,]

N

The equation of motion of the twisted wire is

d2 a2 d2
,ud—:; = d—tg cos(kz)e, + d—f sin(kz)e,| =IxB.
where p is the mass per unit length of the wire. The equation of motion for the deformation amplitude

therefore is
d2§ IyBk

Mae ~ iy er

For small deformations such that £2k? < 1, the amplitude grows exponentially & ~ e with

€.

, I,Bk
7= :
i

Basic view of an interchange instability
(refering to p. 15, 16 of the lecture)
With

B K 8p K
° (EXF&) Vp—B(ezxex) Vp = Boy Bkyp

B B Db, ~
e ug-Vp= (32 X ng) -Vp =~ (32 X ng) - Pp€r = —1§0k:y¢
the charge balance, Ohm’s Law and pressure balance give

nm;

~ vklgb = —1k||,u—¢ + 21Bky]5 (1)

v = ik é (2)
A 10 /€ ~ p + 090k -

7p = 1p_ ¢ + 1 y¢ =i il ky¢ (3)

B



where k2 = k2 + k2. Using (2) and (3) to replace ¢ and j in (1), respectively, one obtains the

dispersion relation

_>

where in the last step the Alfvén velocity vy =

nm; . k? ik ko 1(ph + Lpok ~
IR+ lk”M—iT” _ 213@(}’07—5’”)@ d=0
nm;k2 k2 K (ph + Bpok)
_ vl 2 p2ll 01 310 k2
Bz ! I 140 B2 y
B? 2k (ph + Ypor) k2 k2
v = l{:ﬁ + (v + Spor) k:_g = —vikﬁ + viﬂﬁ’k—g
Honmy; nm; 1 L

B/\/fionm; and the plasma beta gradient 5 =

2110pp/ B% have been introduced. Addtionally, pok < pf, has been used as pok ~ po/ R and pfy ~ po/L,

with L, < R.
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