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LPETL Simple question: what is the wave momentum in a medium?

PLASMA PHYSICS
LABORATORY

e Surprisingly, the answer is not so simple... Consider absorption, 2 ~ w — kv

o Energy conservation:

Lo Mv? + hw = Y/2Mv'™? + hQ)

L YoM (0" —0?) = h(w — Q) = hkv

o Momentum conservation:

/
Muv + pyn, = Mu
Barnett, 2010;: Bradshaw et al., 2010. . .

L YaM (@ —v?) ~ MV — v)v = pppv

cf., e.g., Cary and Kaufman, 1980

Npn = E/hw Pph = Dk, P =kEjw

e But take a Langmuir wave... Why not P = 0 when plasma is at rest?
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“ 0.~ Any alternative arguments? Well...
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e Momentum conservation requires
hw/c = ppn + MV
Pph = hw/c — M Ax/T

e [he center of mass shifts as without dielectric

from P. Lett ('05)

MphVeT + M Az = mpper
L Az = (¢ — vg)Tmpn/M
W = kVA, k || B()

o Taking mpn = hw/c?® (in vacuum), we thus get
Uph = Vg = VA

2 2
Pph = hWUg/C ; P = ’Ugc‘:/c Dewar, 1970 =

o A little problem, though... For Alfvén waves, one gets P = v,E/(2¢?) instead!

A

P + 0p(vgP) = "force”. .. But there are infinitely many equations like this!
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P_Li Least action principle for waves
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e In classical physics, the least action principle is fundamental. Average action:

q(t2) ()=5JQuﬁdx=u?fK£>+Zﬂdt¢cm5Jkﬁwﬁdx

6 [ L(g,¢,t)dt =0

e Definition of the geometrical-optics limit:

£ does not depend on gradients of (a,w, k)
L) = Lla,w, k; t,z)
W = —8t¢9, k = 63;9

e Least action principle in geometrical optics:

5f£(a,w,k) dtdx =0

Sturrock, 1961; Whitham, 1965; Whitham, 1974: Dodin and Fisch, 2012d . . .
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£ PPP
= ~w ~ The three main (Whitham’s) equations

LABORATORY

o(t2) e Proceed much like with a discrete system, L = L(q, q)

0L(q,q9) = L(q+9q,q+0q) — L(q,q) = Ly6q + L, dq

t : t t
> 0= tf(Lq dq+L; 6q )dt = Ly 5q|t? +Stf SLq —Ydtqu dq dt
d¢ 0q must be zero any
0q
e First, we vary the wave action with respect to a:
q(t1) 0= 5QJ£(a,w,k) dt dz = f da dt dx

e Second, vary it with respect to 0, with w = —d;6 and k = 0,60 in mind:

0= 59[1)(@, w, k)dtdx = J[Sw 0(—0;) + L 5933] dt dor = f 00 dt dx

e Third, , as seen from the definitions of w and k and 02,0 = 02 0
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“UFPPPL But what do Whitham's equations mean?
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£a(CL, W, kJ) = O, 8t£w — 5332]4 = O, &tk + &xw =0

1. Nonlinear dispersion relation

2. Action conservation, | £, dz = const
(same as photon conservation in QM)

cf. om + 0x(nv) =0

o At 0, = 0, one has £, = const, whence a = a(t)

O At 0y = 0, one has £, = const, whence a = a(x)

3. Consistency equation ~ ‘“crest conservation”

Whitham’s equations are complete and can be used in
numerical simulations
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Finding the Lagrangian for a wave in plasma

E2 . B2 E2 . 32
Liotal = f— dz + ) Li(wi, v;) f< ) d + YUL(X + 2,V + D))
7: 87T - < ~~ JJ

& -
(Ly;(X;,V;)

o (L)(X,V) is the slow-motion, or oscillation-center Lagrangian of a single particle

O Use canonical variables, (X, V) — (X, P):
P =Ly, H(X,P)=PV—(L

Q..
..
-

OC traj ector};.

_ , _ _ O Drop PV as independent of wave variables
Dodin and Fisch, 2012a; Dodin and Fisch, 2011

E? - B?
<Ltotal> Lwave = f < S > dx + Zz Pz‘/z - Z@ Hz(Pu Xz)

- -~
~N"

~
unimportant N{H)

<E2 _ B2> O Need to find only single-particle ‘H
£la,w, k) = S - Z ns(Hs)p o Fully nonlinear description
S

O Vlasov equation not needed
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<o~ Example: H in linear waves. Ponderomotive potential ®

PLAS SICS
LABORATORY

o Consider an electron in a 1D electrostatic wave, L(z,v) = 1/2muv? — e@(t, x)
r=X+z, i~ —eB(t,X)/mw’
m Ponderomotive Lagrangian:
~E

——
L=mV?2+mVs+mv’/2 —ep(t,X)—edup(t, X) &

(LY =mV?/2 + m<62>/2v+ e(EE)

—-o(t,X,V)

PZ—(I))(, (m—q)vv)vz—(bx—l—q)\/t—l—vcbvx

m Ponderomotive Hamiltonian, H = PV — (L):

H=mV?2-Vd,+® = (mV — &y)°/2m — &>, /2m +

-

P2/2m ~E4
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(E®) (B P? e|E|” B e|E|”
e D (i
8 87 2m  Am(w — kV)? 167 dm(w — kV)?
—— —— —
Bl2/16r O docs et

4—— Plasma length decreases

1.4 |
i [ £, dz = const |

:|E|2 ; Arrne? [T fo(V)

av
167 m  J o (w—kV)?

-/ - total action

electrostatic
energy

1.2 ¢

£

~
this is known as the linear €(w,k)! A i Tk bl e L i bl o

o £, =0 correctly predicts €(w, k) =0

o 0L, —V - Ly =0 is much easier than 3

I*n 5 0%n I [ Q dwp du;\ ky kiks\ 0Cgp 07
—5 +wpn —C; + 2 < + k >ﬁ_(j5 k2>6a;j 8:1:52

0t2 Coxjomy  ~ ot \wp dzy 7 0z

Schmit et al., 2010; Dodin et al., 2009
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PPPL Now let’s make it a bit more general... Any linear waves
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e The so-called K-y theorem:
Cary and Kaufman, 1977, 1981; Dodin and Fisch, 2010b

H~P2m+®, &=-14E . -6&-E

(P is the dipole interaction energy)

S Y3 R YS . S +E”"<iZns<&s>>'E

2 - -~ . X 7 -
81 87 . 167 167 .
R,_J R,_/ R,_/ « ~ J
Bzckxﬁ)/w = (é-1)/16m

|E|2/167  |B|?/167
o All linear waves have £ = a?®D(w, k), for given polarization
D(w,k) =0, D+ Dy wi =0

£, =a’D,, Lx=aDy
0Ly + V- (vely) =0

= —(Di/Dy) Lo = Wil
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Sturrock, 1961; Whitham, 1965

8t( O.)gw ) + V- (nggw) = —St
—— — o E 5Vg/C
energy energy flux =
e Ekc/w Ekvy/w
o k€ )+ V- ( vek€, )= Ly
—— ~— any linear wave; any frame
momentum momentum flux

Dodin and Fisch, 2012d; Dewar, 1977

o So, after all, P = kE/w? Well...

O Each particle carries P * mV TlaB _ £ Evg/c
full
Evy/c Ekvy/w +nd

/

o So, alternatively, P = P — n dy® belongs

to the wave, and mV belong to particles any linear wave in isotropic fluid; rest frame

e This new momentum happens to be

P~ v, E/c”

o Interestingly, electromagnetism is irrelevant

from P. Lett ('05) .
O same for angular momenta, photon spin. . .
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D) PPPL BGK modes: very special nonlinearity
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- —— . e Bernstein-Greene-Kruskal waves
Bernstein et al., 1957 . . .

O Electrons with v ~ w/k are trapped

O They follow the island wherever it goes

0 0.25 0.5 0.75 1

e E.g., in plasma compressing | k
O w~ wpxs/n(t), k= const —

e Fundamental problems:

vfur

vfur

© Conservation laws, stability

© Nonlinear dispersion relations

Dodin and Fisch, 2012a: Dodin and Fisch, 2012b: Dodin and Fisch, 2012c: Dodin and Fisch, 2011
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.-~ BGK wave amplification
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e Approximation 1: the bulk-plasma response is linear

¢~ e(w, k) I <<kE>>+m”t(“)2
~ e(w, k) —— — ni ek, B —
160 O ° 2 \k

L, Action conservation gives E,(t)

const = { £, d°x ~ [ewEfn/(167r) + mntfuf)h]/n

e Approximation 2: particles are deeply trapped, so &;

= —eBn/k — epext

167

0 ewEfn
167

+ amvph> +
ox

0 ( ekEfn

T o = n./k is the number of particles per wavelength

www.princeton.edu/~idodin /iter06-slides.pdf

n, = ko = k x const

. ,/7\ - -
2 s ® The dc force performs work but cannot change {(v;) = vpp
o ' ext

s The energy must be spent on wave amplification!




PPPL Nonlinear group velocities. Modulational instability
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O Lo +05(—Lx) =0, &k +dw=0 vy ~ vgo[1 + Q[ S (12— 8)]
1z Vi
100 50
o Let all depend on &(t,x) = x — Y (1) o ¥ s °
Y, 0p=de, 0 d D =
Ve =55 z = T b= TV g 2 100
SEN SENE
k I — + j _1000 2000 4000 6000 8060 _1506 200 400 600 800

Ug( 9 ) = WE T\ WzJEk ot ot

s wzJk > 0: stable wave, pulse splitting S trapped-e energy flux

Ly wzJk < 0: instability, v = |Avg| Ak passing-e energy flux

e BGK waves do not satisfy the usual Schrodinger equation with local nonlinearity
Aw ~ wp Ak + %wkk (Ak)2 — 10, Ak— —10,

. 1 7 2 -
(0 + Vg00z)Y + 5 Vg 5. =
Dodin and Fisch, 2012c; Lighthill, 1965; Whitham, 1974; cf. Dewar et al., 1972; lkezi et al., 1978; Rose and Yin, 2008. . .
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£ =(E*/87 — |nplep + Pupn — mvf)h/2> + nlegy| + ntmvf)h/2

e is the single-particle energy in the wave rest frame

€ > |ewmn|

0 =L, =0,[E? /167 — n(e)]

W’ = 2w, 0ale)/(epm)

a = keEm/(mwz)

® Deeply trapped particles: w* ~ wi — waa_l

2 2

e Flat-top beam: w? ~ wﬁ — ﬁa_l/Q

> e Smooth distribution: wnr, & C’lal/2 + Cs1lna.

o

Dodin and Fisch, 2011; Dodin and Fisch, 2012b

cf. Manheimer and Flynn, 1971; Dewar, 1972; Winjum et al., 2007; Khain and Friedland, 2007 ;

Goldman and Berk, 1971; Krasovsky, 2007; Rose and Russell, 2001; Lindberg et al., 2007 . . .
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e Suppose two waves in resonance; then the beat phase,
0 = 6, — 0, is a slow variable and may enter £:

w
f L= 2(0,1,(4}1, k17a27w27 k27 )
. . -~
" hd

wave 1 wave 2

Wy ~ Wp + Wws

e Now vary £ with respect to 6; and 6, separately:

7

5o, f £dtdz = f [0y 8(=011) + £k, 661, + £466,] dt da = f (0eLuy — Ouli, + L0) 661 dt da

this must be zero

>y

50, f £ dt da = f [Con 0(—020) + L1, 662, — £4662] dit da = f (0r8uy — 0Ly — L0) 862 dt da

this must be zero

e Same for three-wave interactions

at(gwl + £w2) — ax(gkl + £k2) =0 (@ = (91 — (92 — 63), etc.

Brizard and Kaufman, 1995
Dodin et al., 2008; Dodin and Fisch, 2008a

(L., + £.,) dx = const
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-~ General wave kinetics. Quantum-like geometry of waves
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i [Py = H i)

o Waves never decay (fields do)

O radiation friction = Landau damping

O hidden conservation laws
cf. Yakhot and Zakharov, 1993

e If X is differentiable everywhere,

then 7:[ = 7:[(}2, IA{) )

of +{{f, H}} =0

cf. McDonald and Kaufman, 1985 Brizard et al., 1993

www.princeton.edu/~idodin /iter06-slides.pdf

e Any oscillations, L = %Mijqiq'j + Riiq'q’ — %Qijqiqj
s (q,p) — (a,a"), where |a,|* are eigenmode actions

L, action is an operator, p = |[v) (1|, and Tr p = const

X .
¢ x) = 2" |x)
X:(xl LD r=1...D a1
k= iV ¢ o
K ™~
x = [ x|x) (x| dX as
k= (ki ...kp) 43

- f = averaged projector, Winger function

- (x, k) are interpreted, not postulated
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o Wave physics becomes more flexible/reliable within a Lagrangian approach

© What is the wave momentum?.. energy?.. group velocity?.. transport equations?..

e For waves in plasma, £ is derived from single-particle motion:

L(a,w, k) = (B 8;3 ) _ Zn5<7‘ls>f

e Showed applications to two types of waves:

O textbook linear waves in plasma

o BGK modes: dispersion, dynamics, stability...

e But those are just examples... The actual physics is about wave geometry!
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